Abstract. We calculate the Chern-Simons invariants of the hyperbolic orbifolds of the knot with Conway's notation C(2n, 3) using the Schläfli formula for the generalized Chern-Simons function on the family of C(2n, 3) cone-manifold structures. We present the concrete and explicit formula of them. We apply the general instructions of Hilden, Lozano, and Montesinos-Amilibia and extend the Ham and Lee's methods. As an application, we calculate the Chern-Simons invariants of cyclic coverings of the hyperbolic C(2n, 3) orbifolds.
Introduction
Chern-Simons invariant [1, 20] was defined to be a geometric invariant and became a topological invariant after the Mostow Rigidity Theorem [22] . Various methods of finding Chern-Simons invariant using ideal triangulations have been introduced [23, 24, 32, 4, 3, 2] and implemented [6, 9] . But, for orbifolds, to our knowledge, there does not exist a single convenient program which computes ChernSimons invariant.
Instead of working on complicated combinatorics of 3-dimensional ideal tetrahedra to find the Chern-Simons invariants of the hyperbolic orbifolds of the knot with Conway's notation C(2n, 3), we deal with simple one dimensional singular loci. Similar methods for volumes can be found in [11, 12] . We use the Schläfli formula for the generalized Chern-Simons function on the family of C(2n, 3) cone-manifold structures [14] . In [15] a method of calculating the Chern-Simons invariants of two-bridge knot orbifolds were introduced but without explicit formulae. In [10] , the Chern-Simons invariants of the twist knot orbifolds are computed. Similar approaches for SU (2)-connections can be found in [18] and for SL(2, C)-connections in [17] . For explanations of cone-manifolds, you can refer to [5, 30, 19, 25, 13, 26, 12] .
The main purpose of the paper is to find the explicit and efficient formulae for Chern-Simons invariants of the hyperbolic orbifolds of the knot with Conway's notation C(2n, 3). For a two-bridge hyperbolic link, there exists an angle α 0 ∈ [ 2π 3 , π) for each link K such that the cone-manifold K(α) is hyperbolic for α ∈ (0, α 0 ), Euclidean for α = α 0 , and spherical for α ∈ (α 0 , π] [25, 13, 19, 26] . We will use the Chern-Simons invariant of the lens space L(6n + 1, 4n + 1) calculated in [15] . The following theorem gives the formulae for T 2n . Note that if 2n of T 2n is replaced by an odd integer, then T 2n becomes a link with two components. Also, note that the Chern-Simons invariant of hyperbolic cone-manifolds of the knot with Conway's notation C(−2n, −3) is the same as that of the knot with Conway's notation C(2n, 3) up to sign. For the Chern-Simons invariant formula, since the knot T 2n has to be hyperbolic, we exclude the case when n = 0. Theorem 1.1. Let X 2n (α), 0 ≤ α < α 0 be the hyperbolic cone-manifold with underlying space S 3 and with singular set T 2n of cone-angle α. Let k be a positive integer such that k-fold cyclic covering of
if k is odd) is given by the following formula:
where for M = e α 2 , t (Im(t) ≤ 0), t 1 , and t 2 are zeroes of Riley-Mednykh polynomial P 2n = P 2n (t, M ) which is given recursively by
with initial conditions
and M = e α 2 and
where M = e α 2 and t 1 and t 2 approach common t as α decreases to α 0 and they come from the components of t and t.
Two bridge knots with Conway's notation C(2n, 3)
A knot K is a two bridge knot with Conway's notation C(2n, 3) if K has a regular two-dimensional projection of the form in Figure 1 . For example, Figure 2 is knot C(4, 3). K has 3 left-handed horizontal crossings and 2n right-handed vertical crossings. We will denote it by T 2n . One can easily check that the slope of T 2n is 3/(6n + 1) which is equivalent to the knot with slope (4n + 1)/(6n + 1) [29] . For example, Figure 2 shows the regular projections of knot 7 3 with slope 3/13 which is equivalent to the knot with slope 9/13 (right).
We will use the following fundamental group of the knot with Conway's notation C(2n, 3) [11, 16, 27] . The following theorem can also be obtained by reading off the fundamental group from the Schubert normal form of T 2n with slope 4n+1 6n+1 [29, 27] . Proposition 2.1.
where w = (ts
The Riley-Mednykh polynomial
Given a set of generators, {s, t}, of the fundamental group for π 1 (X 2n ), we define a representation ρ :
Then ρ can be identified with the point (M, t) ∈ C 2 . By [11] , when M varies we have an algebraic set whose defining equation is the following Riley-Mednykh polynomial.
Theorem 3.1. t is a root of the following Riley-Mednykh polynomial P 2n = P 2n (t, M ) which is given recursively by
and
, where w * is the word obtained by reversing w. Let L = ρ(l) 11 . Then l is the longitude which is null-homologus in X 2n . And we have
Schläfli formula for the generalized Chern-Simons function
The general references for this section are [14, 15, 31, 21] and [10] . We introduce the generalized Chern-Simons function on the family of C(2n, 3) cone-manifold structures. For the oriented knot T 2n , we orient a chosen meridian s such that the orientation of s followed by orientation of T 2n coincides with orientation of S 3 . Hence, we use the definition of Lens space in [15] so that we can have the right orientation when the definition of Lens space is combined with the following frame field. On the Riemannian manifold S 3 − T 2n − s we choose a special frame field Γ. A special frame field Γ = (e 1 , e 2 , e 3 ) is an orthonomal frame field such that for each point x near T 2n , e 1 (x) has the knot direction, e 2 (x) has the tangent direction of a meridian curve, and e 3 (x) has the knot to point direction. A special frame field always exists by Proposition 3.1 of [14] . From Γ we obtain an orthonomal frame field Γ α on X 2n (α) − s by the Schmidt orthonormalization process with respect to the geometric structure of the cone manifold X 2n (α). Moreover it can be made special by deforming it in a neighborhood of the singular set and s if necessary. Γ is an extention of Γ to S 3 − T 2n . For each cone-manifold X 2n (α), we assign the real number:
where −2π ≤ β ≤ 2π, Q is the Chern-Simons form: 15] ) For a family of geometric cone-manifold structures, X 2n (α), and differentiable functions α(t) and β(t) of t we have dI (X 2n (α)) = − 1 4π 2 βdα.
Proof of the theorem 1.1
For n ≥ 1 and M = e i α 2 , P 2n (t, M ) have 3n component zeros, and for n ≤ −1, −(3n + 1) component zeros. The component which gives the maximal volume is the geometric component [7, 8, 11] and in [11] it is identified. For each T 2n , there exists an angle α 0 ∈ [ 2π 3 , π) such that T 2n is hyperbolic for α ∈ (0, α 0 ), Euclidean for α = α 0 , and spherical for α ∈ (α 0 , π] [25, 13, 19, 26] . Denote by D(X 2n (α)) be the set of zeros of the discriminant of P 2n (t, e i α 2 ) over t. Then α 0 will be one of D(X 2n (α)).
On the geometric component we can calculate the Chern-Simons invariant of an orbifold X 2n ( 
where the second equivalence comes from Theorem 4.1 and the third equivalence comes from the fact that I (X 2n (π)) ≡ 6. Chern-Simons invariants of the hyperbolic orbifolds of the knot with Conway's notation C(2n, 3) and of its cyclic coverings
The table 1 (resp. the table 2) gives the approximate Chern-Simons invariant of the hyperbolic orbifold, cs X 2n ( 2π k ) for n between 2 and 9 (resp. for n between −9 and −2) and for k between 3 and 10, and of its cyclic covering, cs (M k (X 2n )). We used Simpson's rule for the approximation with 10 4 (5 × 10 3 in Simpson's rule) intervals from 2π k to α 0 and 10 4 (5 × 10 3 in Simpson's rule) intervals from α 0 to π. The table 3 gives the approximate Chern-Simons invariant of T 2n for each n between −9 and 9 except the unknot and the amphicheiral knot. We again used Simpson's rule for the approximation with 10 4 (5 × 10 3 in Simpson's rule) intervals from 0 to α 0 and 10 4 (5 × 10 3 in Simpson's rule) intervals from α 0 to π. We used Mathematica for the calculations. We record here that our data in table 3 and those obtained from SnapPy match up up to six decimal points. Table 1 : Chern-Simons invariant of the hyperbolic orbifold, cs X 2n ( 2π k ) for n between 1 and 9 and for k between 3 and 10, and of its cyclic covering, cs (M k (X 2n )). Table 2 : Chern-Simons invariant of the hyperbolic orbifold, cs X 2n ( 2π k ) for n between −9 and −2 and for k between 3 and 10, and of its cyclic covering, cs (M k (X 2n )). 
